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We consider a Kondo impurity coupled to a fermionic host with a power-law density of states near 
the Fermi level, p(e) ~ |e| r , with exponent r < 0. Using both perturbative renormahzation group 
(poor man's scaling) and numerical renormahzation group methods, we analyze the phase diagram 
of this model for ferromagnetic and antiferromagnetic Kondo coupling. Both sectors display non- 
trivial behavior with several stable phases separated by continuous transitions. In particular, on 
the ferromagnetic side there is a stable intermediate-coupling fixed point with universal properties 
corresponding to a fractional ground-state spin. 



PACS numbers: 75.20 Hr, 71.10 Hf 
I. INTRODUCTION 

The low-temperature physics of the standard Kondo 
model, describing a single magnetic impurity embedded 
in a metal, is by now well understooda. For antiferro- 
magnetic coupling between the impurity and the con- 
duction electron spins the effective interaction grows with 
decreasing temperature. The low-energy behavior is com- 
pletely determined by a single energy scale, the Kondo 
temperature 7k, and the impurity spin is fully quenched 
in the low-temperature limit, T <C 7k. In contrast, for 
ferromagnetic coupling the effective interaction decreases 
upon lowering the temperature, leaving the impurity spin 
essentially decoupled from the environment. 

The standard Kondo picture has to be revised if the 
conduction band density of states (DOS) is not constant 
near the Fermi level. This is the case in systems with 
a power-law DOS p(e) ~ \e\ r . Exponents r > lead 
to a vanishing DOS at the Fermi level - such a pseudo- 
gap DOS arises in one-dimensional interacting systems, 
in certain zero-gap semiconductors, and in systems with 
long-range order where the order parameter has nodes 
at the Fermi surface, e.g., p- and d-wave superconduc- 
tors (r = 2 and 1). The pseudogap Kondo problem 
has attracted a lot of attention during recent yearsoil3. 
These studies show the existence of a zero-temperature 
boundary phase transition at a critical antiferromagnetic 
Kondo coupling, J c , below which the impurity spin is 
unscreened even at lowest temperatures. A comprehen- 
sive discussion of possible fixed points and their thermo- 
dynamic properties has been given by Gonzalez-Buxton 
and IngersenfQ based on the numerical renormahzation 
group (NRG) approach. 

In this work we investigate a power-law Kondo model 
for exponents — 1 < r < which has not been explored 
before. Negative r implies a diverging low-energy DOS, 
corresponding to a critical or van-Hove singularity at the 
Fermi level. 

The Kondo Hamiltonian for a spin-1/2 impurity can 
be written as H = TTband + i7i n t , with 



77 int = JS • s + Vcl a c 0a 
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Ska e kCka c ka in standard notation, So = 

Skk'a/3 c k;a cr a/3 c k'/3 i s the conduction band spin operator 
at the impurity site ro = 0, and S denotes the impurity 
spin operator. For simplicity we will use a conduction 
band with a symmetric density of states, p(e) = po\e/ D\ r 
for |e| < D = 1, po = (1 + r)/(2D). Particle-hole asym- 
metry is introduced via the potential scattering term V. 

Our findings (Fig. [I]) can be summarized as follows: 
Antiferromagnetic Kondo interactions in the particle- 
hole symmetric model (V — 0) always flow to a strong- 
coupling fixed point with a singlet ground state (SSC 
fixed point) and complete screening of the impurity. The 
ferromagnetic sector has very rich behavior: large in- 
teractions flow to a ferromagnetic strong-coupling fixed 
point with a triplet ground state (TSC). Even more in- 
terestingly, for V = there exists a stable intermediate- 
coupling fixed point (FS). Its most remarkable property 
is a Curie response corresponding to a fractional spin, 



Ximp(T ->0) = 
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where Ximp is the total impurity contribution to the uni- 
form susceptibility, and C is a universal, irrational num- 
ber which depends only on the DOS exponent r. (The 
V ^ behavior is quite complicated as well and will be 
discussed below.) 

Such fractional-spin states at intermediate coupling 
have so far only been found at infrared unstable (criti- 
cal) fixed points, namely in the pseudogap Kondo model 
ind for impurities coupled to quantum-critical 
H. We note that "exotic" states corresponding 
to stable intermediate-couplina-fixed points also occur 
in multichannel Kondo modelsEJOtj; here, however, the 
leading term in the impurity susceptibility does not fol- 
low a Curie law. 
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FIG. 1. Schematic renormalization group flows for the 
power-law Kondo model with r < 0, as deduced from NRG 
calculations (see text), a) f* < r < 0, b) f max < r < r* , c) 
-1 < r < f max , with NRG estimates of f* = -0.245 ± 0.005, 
fmax — —0.265 ± 0.005. The solid dots denote infrared stable 
fixed points, the open dots are critical fixed points (labelled 
as in the text). FS denotes the infrared stable intermedi- 
ate-coupling fixed point with fractional spin. 



II. WEAK-COUPLING ANALYSIS 

We start our considerations with the standard weak- 
coupling, renormalization group treatment (poor man's 
scalingEj) , here modified for the power-law Kondo model. 

Integrating out a shell of high-energy conduction elec- 
trons gives the one-loop renormalization of the Kondo 
interaction of order J 2 , rescaling of energies and band 
cut-off A leads to an additional renormalization of all 
couplings proportional to ra. Expressed in (3 functions 
for the dimensionless running couplings j = poJ and 
v = PqV we have 



dj 



d\nA 



j{r-j) + 0(f) 



dv 
din A 



(3) 



1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 


J<0~: 










3 

7>0 : 


24 lo 22 lo 20 to 18 to 16 to 14 lo 12 io 10 io 8 io' 6 iq- 4 icr 2 10 


,1,1,1,1,.,.,.,.,!, 


/<0 : 








J>0 : 



For r — the potential scattering term v remains un- 
changed whereas positive (negative) Kondo coupling j 
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FIG. 2. NRG resultsQ for Tyimp (fcs = 1) of the power-law 
Kondo model with r — —0.2, illustrating the flow in Fig. |lk. 
The dashed curve shows a free spin J = for comparison, 
a) Particle-hole symmetric case V = 0. The thick line cor- 
responds to the critical point at J c ~ —5.6302. The other 
curves are for (top to bottom) J = — 7, —5.65, —5.6, —5, —3, 
-0.1, +0.001, +0.01. b) Small asymmetry V^0. Shown are 
(top to bottom) (J, V) = (-7,0.75), (-7,0.75735), (-7,0.8), 
(-0.1,0.001), (0.045,0.1), (0.046,0.1) (0.1,0.1). 



flows to oo (zero) upon decreasing the cut-off. In the 
pseudogap case, r > 0, small j of either sign renormal- 
izes to zero. For small positive r one can deduce a crit- 
ical fixed point at J c = r/po, V c = 0, corresponding to 
the transition between a local moment phase and an an- 
tiferromagnetic strong coupling phase in the pseudogap 
modelo. 

Now we turn to r < 0: here small j grows for both signs 
of the Kondo coupling. In analogy to the above, on the 
ferromagnetic side for small negative r, we can predict a 
fixed point at J* = —\r\/po which is now infrared stable 
(for V = 0). The properties of this novel intermediate- 
coupling fixed point are perturbatively accessible in a 
double expansion in j and r - as known from the theory 
of critical phenomena the properties are determined by 
the universal value of the running coupling constant j, 
and are completely different from the properties of usual 
stable phases where the renormalized couplings are cither 
zero or infinite. In particular, local spin correlations show 
a power law decay with some non-trivial, r-dependent 
exponent, the ground-state entropy has a universal, non- 
zero value, and the total impurity-induced susceptibil- 
ity shows fractional Curie behavior (^). In principle the 
calculation of these properties can be done in renormal- 
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ized perturbation theory up to high orders; this does, 
however, not provide information about the fixed point 
structure for finite negative r nor about the flow of large 
initial couplings J. 

III. NUMERICAL RESULTS 

To verify the above picture and investigate the strong- 
coupling behavior, we have performed extensive stud- 
ies of the-i power-law Kondo model using the NRG 
techniqueta. From the flow of the NRG energy levels 
we have deduced a number of (meta)stable fixed pointsu, 
with properties listed in the following: 
(LM) The symmetric local-moment fixed point corre- 
sponds to the system with a decoupled impurity, J = 

V = 0. The T = limit of the susceptibility is Tx imp = 
1/4, the entropy Si mp = In 2. This fixed point is unsta- 
ble both w.r.t. to finite J and V, which follows from (||). 
The instability against potential scattering can be easily 
understood: finite V leads to a pole in the scattering T 
matrix which creates a local (anti)bound state, leading 
to the ALM behavior below. 

(ALM) An additional asymmetric local-moment fixed 
point exists, corresponding to J = and |V| = oo; here 
the conduction electron site next to the impurity is either 
doubly occupied or empty. The impurity thermodynamic 
properties are similar to the LM fixed point. 
(SSC) The singlet strong-coupling fixed point is reached 
for positive J and small \V\, it corresponds to J = oo, 

V = and displays a fully quenched spin with Tximp = 0, 
Simp = 0. (The leading term in Xi mp has the form T~ r , 
i.e., the impurity susceptibility itself vanishes in the zero- 
temperature limit.) In contrast to the power-law model 
with r > 0, this fixed point is stable w.r.t. particle-hole 
symmetry breaking. 

(TSC) A triplet strong-coupling fixed point is reached 
for large negative J, its properties follow from J = — oo, 

V = Q as Tximp = 2/3, Si mp = In 3. This fixed point is 
also stable against finite V. 

(FS) The new, fractional-spin fixed point exists for small 
r < and is reached for small J < 0, V = 0. It features 
universal, r-dependent values of Tximp and S- lmp ; it is 
unstable against non-zero potential scattering. 

From the NRG results we can construct the flow dia- 
grams shown in Fig. [|, and we can obtain various ther- 
modynamic quantities as function of Tu. In Fig. |^ we dis- 
play the temperature dependence of T^imp for different 
Kondo couplings J and a fixed DOS exponent r = —0.2, 
which puts the model in the intervall f* < r < 0, with 
the flow diagram depicted in Fig. |l]a. The particle-hole 
symmetric case V — is shown in Fig. ||a. Positive values 
of J lead to a fully quenched spin in the low-temperature 
limit. The "Kondo" temperature characterizing the flow 
to strong coupling depends in a power-law fashion on J, 
Tk ~ D(p J) a , with the leading term being a = X/r. 
The behavior is in contrast to the exponential depen- 



dence Tk(J) in the metallic r = case, reflecting the 
fact that for r < antiferromagnetic J is a relevant 
rather than a marginally relevant perturbation of the 
local-moment fixed point. 

Turning to negative values of J, we see that all small 
ferromagnetic values of the initial coupling yield a flow 
to the predicted intermediate-coupling fixed point (FS), 
characterized by a universal Curie behavior of the impu- 
rity susceptibility, here Tximp ~ 0.30. Interestingly, the 
basin of attraction of this fixed point does not extend 
to arbitrarily large |J|: large ferromagnetic couplings 
flow to a different stable fixed point with T^imp = 2/3 
- this is the triplet strong-coupling (TSC) fixed point. 
The boundary quantum phase transition between the 
fractional-spin phase and the triplet phase appears to be 
continuous, and consequently there is a critical particle- 
hole symmetric fixed point (SCR, thick line in Fig. ||a), 
separating the fractional-spin and triplet strong-coupling 
regimes. 

Switching on potential scattering, Fig. ||b, we find 
that the local-moment and fractional-spin fixed points 
are unstable w.r.t. particle-hole symmetry breaking, and 
both yield flows towards the asymmetric local moment 
(ALM) fixed point. (Note, however, that Txi mp = 1/4 
for both the symmetric and asymmetric local-moment 
fixed points.) In contrast, both strong-coupling fixed 
points as well as the critical fixed point (SCR) are sta- 
ble w.r.t. finite V (Fig. [TJa) . On the antiferromagnetic 
side, finite V suppresses Kondo screening, leading to an- 
other non-trivial transition between the singlet strong- 
coupling (SSC) and asymmetric local-moment (ALM) 
phases, with an associated particle-hole asymmetric crit- 
ical fixed point at positive J (AF-CR, here T^imp ~ 0.18 
in Fig. ^b). 

Our numerical investigation shows that the described 
fixed point structure on the ferromagnetic side changes 
for more negative r values. With decreasing r < 0, first 
the symmetric critical fixed point between the triplet 
strong-coupling (TSC) and fractional-spin (FS) phases 
becomes unstable w.r.t. broken particle-hole symme- 
try, and a second critical fixed point (ACR) with fi- 
nite asymmetry appears. This means that at a value 
r — f* the critical fixed point splits, and the transition 
between triplet strong-coupling (TSC) and asymmetric 
local-moment phases (ALM) is now governed by the new 
asymmetric critical point ACR. The resulting renormal- 
ization group flow is shown in Fig. [j]b. (Strictly speaking, 
each described fixed point at finite V\ represents a pair of 
fixed points, which are trivially related by a particle-hole 
transformation.) 

Upon further decreasing r, the ferromagnetic particle- 
hole symmetric critical fixed point SCR moves to smaller 
couplings, towards the stable FS fixed point. At a certain 
value r = f max both fixed points meet and disappear (!). 
This implies that for r < r max and V — any negative 
value of J flows to strong coupling, i.e., leads to a triplet 
state between the impurity and the conduction electrons. 
At finite particle-hole asymmetry, there is still a transi- 
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FIG. 3. Values of T"Ximp a^-the intermediate-coupling 
fixed points deduced from NRGli3 as function of the DOS 
exponent r. Solid: Stable fixed point [fractional spin phase 
(FS)]. Dashed: Critical fixed points [ferromagnetic symmet- 
ric [SCR] and asymmetric [ACR] as well as antiferromagnetic 
asymmetric (AF-CR)]. The horizontal dashed line separates 
the antiferromagnetic (T^mp < 0.25) from the ferromagnetic 
regime (Tximp > 0.25). The vertical dotted lines mark the 
values of f* m —0.245 and f max ~ —0.265. 



tion between a local moment and ferromagnetic strong 
coupling phase, and the critical behavior is governed by 
a single critical fixed point at finite asymmetry, ACR, see 
Fig. He. The above changes do not influence the structure 
of the flow diagram on the antiferromagnetic side. 

The Curie part of the impurity susceptibility, Tximp, of 
the various intermediate-coupling fixed points is shown in 
Fig. H This illustrates nicely the splitting of the unstable 
ferromagnetic fixed point at r = f * and the collapse of 
the two fixed points at r = r max . 

The ferromagnetic side of the flow diagrams in Fig. |l| 
shows some superficial similarity to the antiferromagnetic 
r > situation!!: Also in this case, two critical fixed 
points coexist over a certain range of DOS exponents, 
r* < r < r max . However, there are crucial differences 
between the present r < 0, J < case and the r > 0, 
J > regime studied in Ref. ||: First, the novel stable 
intermediate-coupling fractional-spin phase (FS) has no 
counterpart for r > 0. Second, in the r < case the 
weak (strong) coupling fixed points are unstable (stable) 
w.r.t. to particle-hole symmetry breaking; for r > this 
is reversed. 

Fig. |4| summarizes the phase diagram for the particle- 
hole symmetric power-law Kondo model for both signs 
of the exponent r and both signs of J. The line through 
the origin describes the fixed points which can be deduced 
from the weak-coupling equations (|^) - note that the line 
of critical fixed points for r > has the same initial slope 
as the line of stable fixed points for r < 0. 

In the vicinity of each critical point one can define an 
energy scale T* , which vanishes at the transition, and de- 
fines the crossover energy above which quantum-critical 
behavior is observed!! We note, however, that on the 
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FIG. 4. Phases of the symmetric power-law Kondo model 
in the {poJ) — T plane (V = 0), with the values of Tximp char- 
acterizing eaiajftirflihase. The r > sector has been explored, 
e.g., in RefsBCm; the r < sector is covered by the present 
results. Phase transitions (at fixed r) are tuned by moving 
along vertical lines; all transitions at finite J are continuous 
(i.e., of second order); the J = 0, r — point is the well-known 
Kosterlitz-Thouless transition of the metallic Kondo model. 
Solid lines are phase boundaries; the dashed line within the 
fractional-spin phase (FS) denotes the location of the inter- 
mediate-coupling fixed point (estimated from NRG). 



ferromagnetic side simple one-parameter scaling (as func- 
tion of T/T* and u/T*) can only be expected for V = 
and f max < r < and for V and — 1 < r < f*. In 
contrast, in the asymmetric case for f* < r < the J<0 
critical behavior is governed by the symmetric multicrit- 
ical point (SCR, Fig. |l|a), leading to two distinct energy 
scales vanishing at the transition. (This_situation is sim- 
ilar to the behavior for small positive tt3.) We have nu- 
merically checked the scaling behavior of Ximp and of the 
T matrix, details will appear elsewhere. 



IV. CONCLUSIONS AND OUTLOOK 

In this paper, we have examined a novel part of the 
phase diagram of the power-law Kondo model, namely 
the behavior occuring for a bath density of states diverg- 
ing as \oj\ r with exponent — 1 < r < 0. We have found 
rich physics for both antiferromagnetic and ferromagnetic 
Kondo coupling. Particularly interesting is a stable phase 
with fractional ground state spin, i.e., a Curie suscep- 
tibility (||) with a non-trivial universal coefficient C(r), 
which also shows a non-zero ground state entropy. This 
phase occurs for ferromagnetic Kondo coupling and cor- 
responds to an intermediate-coupling fixed point in the 
renormalization group sense. It cannot be understood in 
a weak- or strong-coupling picture in terms of the cou- 
pling between impurity and conduction electron degrees 
of freedom. Instead, it shares many properties of critical 
fixed points, namely the absence of quasiparticle exci- 
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tations, scale invariance of the low-energy correlations, 
and non-trivial power laws in response functions like the 
dynamical susceptibility. A preliminary analysis of the 
NRG levels at the fractional-spin fixed point shows that 
it cannot be described in terms of non-interacting parti- 
cles - in contrast to, e.g., the two-channel Kondo fixed 
point which allows for a Majorana fermion descriptior£3. 

In closing, we mention that the discussed power-law 
Kondo model is not only of purely theoretical interest: 
Besides describing "real" magnetic impurities - where 
a power law DOS can occur due to band structure ef- 
fects such as van-Hove singularities - effective single- 
impurity models arise in the context of lattice models 
in the limit of infinite dimensions (dynamical mean-field 
theory (DMFT)El). Here, the DOS of the effective em- 
bedding medium is determined from a self-consistency 
condition involving both the impurity spectrum and the 
bare DOS of the conduction band. The interplay of these 
quantities can e.g. generate a power-law DOS for the ef- 
fective medium at a critical point of the lattice model. 
Particularly interesting in- this context is the so-called 
extended DMFT schemeO where the influence of spin 
fluctuations can drive the local impurity problem critical, 
which in turn will generate a power-law spectral density 
of the effective fermionic medium in extended DMFT. 

Furthermore, we note that the low-energy physics of 
Kondo models is related to that of dissipative two-level 
systems, i.e., a Kondo model with a diverging power-law 
DOS corresponds to a spin-boson model with a certain 
non-ohmic bath. Therefore, applications in mesoscopics, 
like two-level systems coupled to a noisy environment, or 
in glass physics may be found. 

These prospects, together with the possibility of non- 
Fermi-liquid physics in lattice realizations of the power- 
law Kondo physics, e.g., in extended DMFT, will be in- 
vestigated in the future. 
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